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HYPERSURFACES OF CONSTANT HIGHER ORDER
MEAN CURVATURE IN M × R
R. F. DE LIMA, F. MANFIO AND J. P. DOS SANTOS
Abstract. We consider hypersurfaces of products Mn×R with constant r-th
mean curvature — to be called Hr-hypersurfaces — where M is an arbitrary
Riemannian manifold. We develop a general method for constructing them,
and employ it to produce many examples for a variety of manifolds M, in-
cluding all simply connected space forms and the Hadamard manifolds known
as Damek-Ricci spaces. For a given family F of isoparametric spheres in a
Riemannian manifold M, we define a constant CF (r) ≥ 0, and we show that
there exists a rotational Hr-sphere in M × R if Hr > CF (r). We also con-
sider r-minimal hypersurfaces, showing that, for a class of manifolds M, there
exists a one-parameter family of rotational, properly embedded catenoid-type
r-minimal hypersurfaces in M×R. Analogously, there is a one-parameter fam-
ily of rotational, properly embedded Delaunay-type r-minimal (and Hr 6= 0)
hypersurfaces in Sn × R. Also, for certain Hadamard manifolds M, including
hyperbolic space Hn and all Damek-Ricci spaces, there are properly embedded
r-minimal (and Hr 6= 0, r even) hypersurfaces in M ×R which are foliated by
horospheres of M. We establish a Jellett-Liebmann-type theorem by showing
that a compact, connected and strictly convex Hr-hypersurface of Hn × R or
Sn × R (n ≥ 3) is a rotational embedded sphere. Other uniqueness results for
complete Hr-hypersurfaces of these ambient spaces are obtained.
1. Introduction
In his pioneering work [26], H. Rosenberg initiated the study of minimal and
constant mean curvature hypersurfaces of product spaces M × R, where M is an
arbitrary Riemannian manifold. Since then, many results on this subject have
been obtained by many authors, and considerably understanding of the geometry
of these hypersurfaces has been achieved, mostly in the particular case M is a
simply connected space form.
Following this path, we approach here hypersurfaces of M × R with constant
(non normalized) r-th mean curvature Hr, which we call Hr-hypersurfaces. Recall
that the r-th mean curvature Hr of a hypersurface is the r-th elementary symmetric
polynomial of its principal curvatures. It constitutes a natural generalization of the
mean curvature (r = 1) and the Gauss-Kronecker curvature (r = n).
We focus on developing a general method for constructing Hr-hypersurfaces in
products M × R, as well as to provide uniqueness results. For the first of these
two tasks, our main tool will be a special type of graph built on families of parallel
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hypersurfaces of M. This method was inspired by the one adopted by R. Tojeiro
[28] for the construction of a class of constant mean curvature hypersurfaces of
Sn×R and Hn×R. Subsequently, in [8], P. Roitman and the first author extended
Tojeiro’s results to products M × R, which enabled us to apply his ideas in this
more general context.
By means of this technique, for any given constant Hr, we obtain Hr-graphs in
M×R for those Riemannian manifolds M which admit a local family of parallel hy-
persurfaces, each of them having constant principal curvatures. Following [2], such
hypersurfaces are called isoparametric. We point out that many Riemannian mani-
folds M admit isoparametric hypersurfaces, such as space forms, warped products,
E(κ, τ) homogeneous spaces, and the Hadamard manifolds known as Damek-Ricci
spaces, to name a few.
By suitably “gluing” pieces of Hr-graphs, we construct properly embedded Hr-
hypersurfaces in M × R, including topological Hr-spheres. In this setting, it is a
remarkable fact that, unlikeHr-spheres in space forms, Hr-spheres of some products
M ×R do not exist for certain positive values of the constant Hr . For instance, as
proved in [14], there exist Hr-spheres in Hn × R if and only if Hr > n−rn
(
n
r
)
. On
the other hand, as we prove here, for any Hr > 0, there exist Hr-spheres in Sn×R.
More generally, we show that, for any manifold M having a family F of con-
centric, strictly convex, and isoparametric geodesic spheres, there is a nonnegative
constat CF (r) such that, for any Hr > CF (r), there exists a strictly convex Hr-
sphere in M × R which is rotational, in the sense that it is foliated by geodesic
spheres of M, all centered at a fixed axis {o}×R, o ∈M. In addition, if F foliates
M − {o} and CF (r) > 0, then, for any positive constant Hr ≤ CF (r), there exists
an entire, rotational and strictly convex Hr-graph in M × R.
Our methods work equally well for Hr-hypersurfaces with Hr = 0, the so called
r-minimal hypersurfaces. In fact, for M andF as above, withF foliating M−{o},
we obtain a one-parameter family of rotational, properly embedded catenoid-type
r-minimal hypersurfaces in M ×R. Analogously, we obtain a one-parameter family
of rotational, properly embedded Delaunay-type r-minimal (and Hr 6= 0) hyper-
surfaces in Sn × R. Also, for certain Hadamard manifolds M, including hyperbolic
space Hn and all Damek-Ricci spaces, we construct properly embedded r-minimal
(and Hr 6= 0, r even) hypersurfaces in M × R which are foliated by horospheres
of M. For M = Hn, we obtain a similar r-minimal hypersurface by considering
equidistant hypersurfaces of Hn, instead of horospheres.
The study of Hr-hypersurfaces of a Riemannian manifold leads naturally to
considerations on their uniqueness properties. On this matter, Montiel and Ros
[21] (see also [19]) showed the following Alexandrov-type theorem:
The only compact, connected, and embedded Hr-hypersurfaces in Rn, Hn, or an
open hemisphere of Sn are geodesic spheres.
In [14], this result was extended to the context of Hr-hypersurfaces of Hn × R,
where the geodesic spheres in the statement are replaced by rotational (non totally
geodesic) spheres.
Here, we establish uniqueness results for rotational Hr-spheres of Hn × R and
Sn × R, n ≥ 3. The case n = 2 was settled in [1] (for r = 1) and in [16] (for
r = 2). More precisely, we show that any compact connected strictly convex Hr-
hypersurface Σ of Hn ×R or Sn ×R (n ≥ 3) is necessarily an embedded rotational
sphere. Assuming Σ complete, instead of compact, the same conclusion holds if,
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in addition, the height function of Σ has a critical point and, if M = Hn, the least
principal curvature of Σ is bounded away from zero. Finally, we show that, for
n ≥ 3, any connected, properly immersed, and strictly convexHr(> 0)-hypersurface
of Sn × R is necessarily an embedded rotational Hr-sphere.
It is worth mentioning that these uniqueness results constitute applications of the
main theorems in [7], which concern convexity properties of hypersurfaces in M×R,
M being either a Hadamard manifold or the sphere Sn. Besides, the noncompact
cases are based on height estimates we establish here for strictly convex vertical
graphs of arbitrary products M × R.
The paper is organized as follows. In Section 2, in addition to the usual setting of
notation and basic concepts, we include a brief discussion on Hadamard manifolds
and their horospheres. In Section 3, we introduce graphs on parallel hypersurfaces
and establish a key lemma. In Section 4, we construct properly embedded rotational
hypersurfaces in M × R, whereas in Section 5 we construct non rotational ones.
Finally, in Section 6, we prove the aforementioned uniqueness results.
2. Preliminaries
Let Σn, n ≥ 2, be an oriented hypersurface of a Riemannian manifold Mn+1.
Set ∇ for the Levi-Civita connection of M, N for the unit normal field of Σ, and
A for its shape operator with respect to N, so that
AX = −∇XN, X ∈ TΣ,
where TΣ stand for the tangent bundle of Σ. The principal curvatures of Σ, that
is, the eigenvalues of the shape operator A, will be denoted by k1 , . . . , kn.
Given an integer r ≥ 0, we define the (non normalized) r-th mean curvature Hr
of the hypersurface Σ ⊂M as:
(1) Hr :=

1 if r = 0.∑
i1<···<ir
ki1 . . . kir if 1 ≤ r ≤ n.
0 if r > n.
Notice that H1 and Hn are the non normalized mean curvature and Gauss-
Kronecker curvature functions of Σ, respectively, i.e.,
H1 = traceA and Hn = detA.
Definition 1. With the above notation, given a constant Hr ∈ R, we say that
Σ ⊂M is an Hr-hypersurface of M if its r-th mean curvature is constant and equal
to Hr. In the case Hr = 0, we say that Σ is an r-minimal hypersurface of M.
Definition 2. A hypersurface Σ ⊂ M is said to be convex at x ∈ Σ if, at this
point, all the nonzero principal curvatures have the same sign. If, in addition, none
of these principal curvatures is zero, then Σ is said to be strictly convex at x. We
call Σ convex (resp. strictly convex ) if it is convex (resp. strictly convex) at all of
its points.
The ambient spaces we shall consider are the products Mn+1 = Mn×R — where
Mn is some Riemannian manifold — endowed with the standard product metric:
〈 , 〉 = 〈 , 〉M + dt2.
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In this setting, we denote the gradient of the projection piR of M ×R by ∂t , which
is easily seen to be a parallel field on M × R.
Let Σ be a hypersurface of M × R. Its height function ξ and its angle function
Θ are defined by the following identities:
ξ(x) := piR|Σ and Θ(x) := 〈N(x), ∂t〉, x ∈ Σ.
We shall denote the gradient field and the Hessian of a function ζ on Σ by ∇ζ
and Hess ζ, respectively. It is easily checked that
(2) ∇ξ = ∂t −ΘN and ∇Θ = −A∇ξ.
From (2), for all X,Y ∈ TΣ, one has ∇X ∇ξ = −(Θ∇XN +X(Θ)N). Hence,
(3) Hess ξ(X,Y ) = Θ〈AX,Y 〉 ∀X,Y ∈ TΣ.
Given t ∈ R, the set Pt := M × {t} is called a horizontal hyperplane of M × R.
Horizontal hyperplanes are all isometric to M and totally geodesic in M × R. In
this context, we call a transversal intersection Σt := Σ
−t Pt a horizontal section of
Σ. Any horizontal section Σt is a hypersurface of Pt . So, at any point x ∈ Σt ⊂ Σ,
the tangent space TxΣ of Σ at x splits as the orthogonal sum
(4) TxΣ = TxΣt ⊕ span{∇ξ}.
We will adopt the notation Qn for the simply connected space form of constant
sectional curvature  ∈ {0, 1,−1}; the Euclidean space Rn ( = 0), the unit sphere
Sn ( = 1), and the hyperbolic space Hn ( = −1).
2.1. Hadamard manifolds and horospheres. In the subsequent sections, we
shall consider Hr-hypersurfaces in products M ×R, where M is a Hadamard man-
ifold, i.e., M is a connected, complete, and simply connected Riemannian manifold
of non positive sectional curvature. Due to this fact, we recall some basic aspects of
these manifolds, giving particular attention to their hypersurfaces known as horo-
spheres. (For on account on Hadamard manifolds, see [13, 18].)
Any Hadamard manifold M is diffeomorphic to Rn through its exponential map,
so that, for any points p, q ∈M, there exists a unique geodesic of M joining them.
(Here, all nontrivial geodesics are assumed to be unit speed.)
Definition 3. We say that two unit speed geodesic rays γ, σ : [0,∞) → M are
asymptotic if there is a constant c > 0 such that distM (γ(s), σ(s)) ≤ c ∀s ∈ [0,∞),
where distM stands for the distance function on M. If so, we say that γ and σ are
equivalent and write γ ∼ σ.
The asymptotic boundary M(∞) of a Hadamard manifold M is defined as the
set of all equivalence classes determined by ∼ . We denote by γ(∞) the point of
M(∞) corresponding to a geodesic ray γ of M. It is a well known fact that M(∞)
can be given a topology, making it homeomorphic to the unit sphere Sn−1, and
M ∪M(∞) homeomorphic to the unit closed ball of Rn.
Any Hadamard manifold M has the following fundamental property: For any
p ∈M, and any geodesic ray γ : [0,∞)→M, there exists a unique geodesic ray σp
emanating from p (i.e., σp(0) = p) such that σp ∼ γ.
The Busemann function of M corresponding to a geodesic ray γ is defined as
bγ(p) := lim
s→+∞(distM (p, γ(s))− s), p ∈M.
Busemann functions have the following two notable properties:
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p∞
γ
σ
Figure 1. A “ball model” for a Hadamard manifold.
i) bγ is (at least) C
2-differentiable and ‖∇bγ‖ = 1 on M.
ii) γ ∼ σ ⇒ bγ − bσ = cte.
Notice that, from property (i), the trajectories of ∇bγ are geodesics of M. In
addition, for all s ∈ (−∞,+∞), bγ(γ(s)) = −s. Hence, 〈∇bγ , γ′〉 = −1, that is,
(5) γ′ = −∇bγ .
It follows from (5) that γ′ is orthogonal to the level hypersurfaces of bγ . From
property (ii), the same is true for any σ which is equivalent to γ. Property (ii) also
gives that a Busemann function bγ is determined by γ(∞).
The level hypersurfaces of a Busemann function bγ are called the horospheres
of M determined by γ. Horospheres may also be seen as the limit sets of geodesic
spheres Sr(γ(s)) of M, with center γ(s) and radius r, as r → +∞. We call horoball
the limit set of the corresponding geodesic balls. So, any horosphere of M bounds
a horoball. Also, any horoball is convex in the sense that it contains the geodesic
segments of M joining its points.
From the aforementioned properties of Busemann functions, one easily concludes
that the horospheres determined by a geodesic ray γ constitute a one parameter
family F := {Hs ; s ∈ (−∞,+∞)} of (at least) C2-differentiable properly embed-
ded hypersurfaces of M , all homeomorphic do Rn−1, and all having p∞ := γ(∞)
as the only point “at infinity.” (In this case, we say that the horospheres Hs are
centered at p∞.) Furthermore, the family F foliates M, and each of its members
Hs intersects orthogonally all geodesics σ of M satisfying σ(+∞) = p∞.
It follows from the above considerations that, in what concerns the fundamental
properties of its horospheres, a Hadamard manifold can be pictured just as the
Poincar ball model of hyperbolic space Hn, where the horospheres centered at a
point p∞ ∈ Hn(∞) are the Euclidean (n − 1)-spheres in Hn which are tangent to
Hn(∞) at p∞ (Fig. 1).
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3. Hr-Graphs on Parallel Hypersurfaces
In this section, we give a detailed description of graphs in M × R which are
built on families of parallel hypersurfaces of M. As we mentioned before, they will
constitute our main tool for constructing Hr-hypersurfaces in product spaces M×R.
With this purpose, consider an isometric immersion
f : Mn−10 →Mn
between two Riemannian manifolds Mn−10 and M
n, and suppose that there is a
neighborhood U of M0 in TM⊥0 without focal points of f, that is, the restriction
of the normal exponential map exp⊥M0 : TM
⊥
0 →M to U is a diffeomorphism onto
its image. In this case, denoting by η the unit normal field of f, there is an open
interval I 3 0, such that, for all p ∈M0, the curve
(6) γp(s) = expM(g(p), sη(p)), s ∈ I,
is a well defined geodesic of M without conjugate points. Thus, for all s ∈ I,
fs : M0 → M
p 7→ γp(s)
is an immersion of M0 into M, which is said to be parallel to f. Observe that,
given p ∈ M0, the tangent space fs∗(TpM0) of fs at p is the parallel transport of
f∗(TpM0) along γp from 0 to s. We also remark that, with the induced metric, the
unit normal ηs of fs at p is given by
ηs(p) = γ
′
p(s).
Definition 4. Let φ : I → φ(I) ⊂ R be an increasing diffeomorphism, i.e., φ′ > 0.
With the above notation, we call the set
(7) Σ := {(fs(p), φ(s)) ∈M × R ; p ∈M0, s ∈ I},
the graph determined by {fs ; s ∈ I} and φ, or (fs, φ)-graph, for short.
Notice that, for a given (fs, φ)-graph Σ, and for any s ∈ I , fs(M0) is the
projection on M of the horizontal section Σφ(s) ⊂ Σ, that is, these sets are the
level hypersurfaces of Σ.
For an arbitrary point x = (fs(p), φ(s)) of such a graph Σ, one has
TxΣ = fs∗(TpM0)⊕ Span {∂s}, ∂s = ηs + φ′(s)∂t.
So, a unit normal to Σ is
(8) N =
−φ′√
1 + (φ′)2
ηs +
1√
1 + (φ′)2
∂t .
In particular, its angle function is
(9) Θ =
1√
1 + (φ′)2
·
A key property of (fs, φ)-graphs is that the trajectories of ∇ξ on them are lines
of curvature, that is, ∇ξ is one of its principal directions. (Notice that, by (9),
0 < Θ < 1, so ∇ξ never vanishes on an (fs, φ)-graph.) More precisely (cf. [8, 28]),
(10) A∇ξ = φ
′′
(
√
1 + (φ′)2)3
∇ξ.
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We point out that, besides being lines of curvature, the trajectories of ∇ξ on
an (fs, φ)-graph Σ, when properly reparametrized, are also geodesics. This follows
from the fact that Θ, and consequently ‖∇ξ‖, is constant along the horizontal
sections of Σ (see [28, Lemma 5]). It should also be noticed that these trajectories
project on the geodesics γp = γp(s) given by (6) (Fig. 2).
.
p
γp
M
Σ
fs(M0)
∇ξ
Figure 1. Trajectory of ∇ξ on an (fs, ϕ)-graph.Figure 2. Trajectory of ∇ξ on an (fs, φ)-graph.
Let us compute now the principal curvatures of an (fs, φ)-graph Σ. For that,
let {X1 , . . . , Xn} be the orthonormal frame of principal directions of Σ in which
Xn = ∇ξ/‖∇ξ‖. In this case, for 1 ≤ i ≤ n−1, the fields Xi are all horizontal, that
is, tangent to M (cf. (4)). Therefore, setting
(11) % :=
φ′√
1 + (φ′)2
and considering (8), we have, for all i = 1, . . . , n− 1, that
ki = 〈AXi, Xi〉 = −〈∇XiN,Xi〉 = %〈∇Xiηs, Xi〉 = −%ksi ,
where ksi is the i-th principal curvature of fs . Also, it follows from (10) that kn = %
′.
Thus, the array of principal curvatures of the (fs, φ)-graph Σ is
(12) ki = −%ksi (1 ≤ i ≤ n− 1) and kn = %′.
Now, considering the above identities and writing, for 1 ≤ r ≤ n,
Hr =
∑
i1<···<ir 6=n
ki1 . . . kir +
∑
i1<···<ir−1
ki1 . . . kir−1kn ,
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we have that the r-th mean curvature of the (fs, φ)-graph Σ is
(13) Hr = (−1)rHsr%r + (−1)r−1Hsr−1%r−1%′,
where Hsr denotes the r-th mean curvature of fs.
Due to equality (13), the function defined in (11) — to be called the %-function
of the (fs, φ)-graph Σ — will play a major role in the sequel. We remark that, up
to a constant, the %-function of Σ determines its φ-function. Indeed, it follows from
equality (11) that
(14) φ(s) =
∫ s
s0
%(u)√
1− %2(u)du+ φ(s0), s0 ∈ I.
We introduce now a special type of family of parallel hypersurfaces which will
be used for constructing Hr-hypersurfaces in M × R.
Definition 5. Following [2], we call a parallel family {fs : M0 → M ; s ∈ I}
isoparametric if, for each s ∈ I, any principal curvature of fs is constant (depending
on s). If so, each hypersurface fs is also called isoparametric.
We should mention that there is some mismatch regarding the nomenclature
for isoparametric hypersurfaces. In some contexts, isoparametric hypersurfaces
are defined as those which, together with its parallel nearby hypersurfaces, have
constant mean curvature. It is shown that some manifolds M admit hypersurfaces
which are isoparametric in this sense, and non isoparametric as we defined.
Let Σ be an (fs, φ)-graph such that the parallel family {fs ; s ∈ I} is isopara-
metric. Then, for any r = 1, . . . , n− 1, the r-th mean curvature of fs is a function
of s alone, which we assume to be no vanishing. In this setting, writing τ = %1/r,
and considering (13) with Hr constant, we obtain the following result, which turns
out to be our main lemma.
Lemma 1. Let {fs : M0 →M ; s ∈ I} be an isoparametric family of hypersurfaces
whose r(< n)-mean curvatures Hsr never vanish. Given r ∈ {1, . . . , n} and Hr ∈ R,
let τ be a solution of the first order differential equation
(15) y′ = a(s)y + b(s), s ∈ I,
where the coefficients a and b are the functions
(16) a(s) :=
rHsr
Hsr−1
and b(s) :=
(−1)r−1rHr
Hsr−1
·
Then, if 0 < τ < 1, the (fs, φ)-graph Σ with %-function τ
1/r is an Hr-hypersurface
of the product M × R.
Regarding equation (15), recall that its general solution is
(17) τ(s) =
1
µ(s)
(
τ0 +
∫ s
s0
b(u)µ(u)du
)
, s0, s ∈ I, τ0 ∈ R,
where µ is the exponential function
µ(s) = exp
(
−
∫ s
s0
a(u)du
)
, s ∈ I.
It follows from Lemma 1 that, as long as M admits isoparametric hypersurfaces
with non vanishing r-th mean curvature, for any Hr ∈ R, there exist Hr-graphs
in M × R. (Notice that, the interval I and the constant τ0 in (17) can be chosen
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in such a way that the corresponding solution τ of (15) satisfies 0 < τ < 1). This
includes, of course, all the space forms Qn . In the next examples, we shall consider
other contexts to which Lemma 1 applies.
Example 1. Let Mn = I ×ω Fn−1 be a warped product, where the basis I ⊂ R
is an open interval and the fiber F is an arbitrary (n − 1)-dimensional manifold.
For each s ∈ I, define fs as the standard immersion F ↪→ {s} ×ω F ⊂ M. It is
well known that, with the induced metric, F = {fs ; s ∈ I} is a parallel family of
totally umbilical hypersurfaces of Mn with constant principal curvatures ω′/ω (see,
e.g., [3]). In particular, F is isoparametric. Hence, if ω′ never vanishes, it follows
from Lemma 1 that, for any Hr ∈ R, there exists an Hr-graph in M × R.
Example 2. Let us consider the Riemannian manifolds known as Damek-Ricci
spaces. These are Lie groups endowed with a left invariant metric having especial
properties (see [2]). For instance, all Damek-Ricci spaces are both Hadamard and
Einstein manifolds. Also, any family of concentric geodesic spheres in a symmetric
Damek-Ricci space is isoparametric (cf. [2, Theorem 7 - Chapter 4]). Finally, we
point out that, in [9], the authors obtained families of isoparametric hypersurfaces
with nonvanishing r-th curvatures in Damek-Ricci harmonic spaces. From Lemma
1, given Hr ∈ R, each of these families can be used for constructing Hr-graphs in
M × R, where M is the corresponding Damek-Ricci space.
Example 3. In [12], the authors constructed isoparametric families of parallel
surfaces with nonzero constant principal curvatures in E(k, τ) spaces satisfying
k − 4τ2 6= 0. (Those include the products H2 × R and S2 × R, the Heisenberg
space Nil3, the Berger spheres, and the universal cover of the special linear group
SL2(R)). As in the previous examples, these families may be used for constructing
Hr-hypersurfaces in E(k, τ)× R for any Hr ∈ R.
In the next two sections, we construct properly embedded hypersurfaces in prod-
ucts M × R by suitably “gluing” Hr-graphs.
4. Rotational Hr-hypersurfaces of M × R.
Rotational hypersurfaces in simply connected space forms Qn or products Qn ×R
are among the most classical hypersurfaces of these spaces. In the case of Qn ×R,
they are obtained by rotating (with the aid of the group of isometries of Qn ) a
plane curve about an axis {o} × R, o ∈ Qn . Consequently, any horizontal section
Σt of a rotational hypersurface Σ in Qn × R lies in a geodesic sphere of Qn × {t}
with center at the axis. The following definition is based on this fact.
Definition 6. A hypersurface Σ ⊂M×R is called rotational, if there exists a fixed
point o ∈ M such that any horizontal section Σt projects on a geodesic sphere of
M with center at o. If so, the set {o} × R is called the axis of Σ.
Remark 1. A more general concept of rotational hypersurface can be introduced
in Hn×R. In this case, besides the spherical horizontal sections as in our definition,
rotational hypersurfaces can also have horospheres or equidistant hypersurfaces as
horizontal sections (see [10, Section 3] for more details).
Now, we proceed to develop a method for constructing properly embedded rota-
tional Hr(≥ 0)-hypersurfaces in M × R for those manifolds M containing isopara-
metric geodesic spheres.
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Given a Riemannian manifold Mn (n ≥ 2) and R ∈ (0,+∞], let
fs : Sn−1 →M, s ∈ (0,R) ⊂ R,
be an isoparametric family of concentric geodesic spheres of M indexed by their
radiuses, that is, there exists o ∈M such that, for each s ∈ (0,R), fs(Sn−1) is the
geodesic sphere Ss(o) of M with center at o ∈M and radius s.
We can assume that R ≤ +∞ is the largest positive number such that the
following hold:
i) For any s ∈ (0,R), the sphere fs is strictly convex.
ii) For any r ∈ {1, . . . , n}, the function s ∈ (0,R) 7→ |Hsr | is differentiable
(C∞) and decreasing.
Definition 7. An isoparametric family F = {fs : Sn−1 → Mn ; s ∈ (0,R)}
satisfying (i)–(ii) will be called an ideal family of geodesic spheres.
Regarding the existence of R as above, it is an elementary fact that, in any Rie-
mannian manifold, geodesic spheres of sufficiently small radius are strictly convex.
As for condition (ii), near zero, the function s 7→ |Hsr | can be written as (cf. [20])
(18) |Hsr | =
(
n− 1
r
)
s−r +O(s2−r).
So, for small s, it is differentiable and decreasing. In addition,
(19) lim
s→0
Hsr = +∞.
Let us fix an ideal isoparametric family F = {fs : Sn−1 → Mn ; s ∈ (0,R)}. In
accordance to the notation of Section 3, for each s ∈ (0,R), we shall consider the
“outward” orientation of fs , so that any principal curvature k
s
i of fs is negative.
In this setting, the function s ∈ (0,R) 7→ Hsr is positive for r even and negative for
r odd. Hence, for any constant Hr > 0, the coefficients a and b in (16) are:
(20) a(s) = − r|H
s
r |
|Hsr−1|
and b(s) =
rHr
|Hsr−1|
·
Observe that a < 0 for 1 ≤ r < n, and b > 0. Also, except when r = n (in which
case a = 0) or r = 1 (in which case b = H), a and b are both increasing. Therefore,
(21) a′(s) ≥ 0, b′(s) ≥ 0, and a′(s) + b′(s) > 0 ∀s ∈ (0,R).
In what follows, by means of the familyF , we obtain rotationalHr-hypersurfaces
which are made of pieces of (fs, φ)-graphs. In order for them to be complete, we
need to find solutions of y′ = ay + b defined at s = 0. (Notice that, in principle,
neither a nor b are defined at s = 0.)
With this purpose, we first observe that the function b is easily extendable to
s = 0. Indeed, we can set b(0) = Hr if r = 1, and b(0) = 0 if r > 1, by (19). As for
a, it follows from (18) that, for 1 ≤ r < n,
lim
s→0
|a(s)| = +∞ and lim
s→0
s|a(s)| < +∞,
which characterizes s = 0 as a regular singular point of the homogeneous equation
y′ = ay. This means that, despite the fact a is not defined at s = 0, this equation
has a positive solution µ defined at s = 0 (cf. [25, Theorem 3.1], [27, Lemma 4.4]).
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For r = n, we have a = 0, and then we set µ(s) = 1, s ∈ [0,R). Therefore, in any
of these cases, the function
(22) τ(s) :=
1
µ(s)
∫ s
0
b(u)µ(u)du, s ∈ [0,R),
is a well defined solution of y′ = ay + b in [0,R) satisfying τ(0) = 0.
One can check that this solution may also be obtained as the limit of the functions
τλ : [λ,R)→ R as λ→ 0, where
τλ(s) =
1
µλ(s)
∫ s
λ
b(u)µλ(u)du
µλ(s) = exp
(
−
∫ s
λ
a(u)du
) , s ∈ [λ,R).
Let us show now that τ is an increasing diffeomorphism, that is,
(23) τ′(s) > 0 ∀s ∈ (0,R).
For that, assume τ has a critical point s0 ∈ (0,R). Then, considering (21) and
the equality τ′ = aτ + b, we have
τ′′(s0) = a′(s0)τ(s0) + a(s0)τ′(s0) + b′(s0) = a′(s0)τ(s0) + b′(s0) > 0,
which implies that s0 is necessarily a local minimum. Hence, since τ > 0 in (0,R)
and τ(0) = 0, there exists a local maximum of τ in (0, s0) — a contradiction. So,
τ has no critical points in (0,R), which gives (23).
As we shall see, the existence of rotational Hr-spheres in M ×R depends on the
existence of points s0 ∈ (0,R) such that τ(s0) = 1. However, the constant Hr > 0
is involved in the definition of the function b in such a way that, for a fixed s, b(s)
— and so τ(s) —increases as we enlarge the constant Hr . Therefore, the existence
of such s0 depends on the magnitude of the constant Hr. This fact suggests the
consideration of a constant CF (r), attached to F and r, defined as follows.
Definition 8. Let F = {fs : Sn−1 → Mn ; s ∈ (0,R)} be an ideal isoparametric
family of concentric geodesic spheres of M. Given an integer r ∈ {1, . . . , n}, define
CF (r) ≥ 0 as the least nonnegative constant with the following property: For any
positive constant Hr > CF (r) defining b in (20) — and so τ in (22) — there exists
s0 ∈ (0,R) such that (see Fig. 3a)
0 < τ|(0,s0) < 1 and τ(s0) = 1.
Notice that, if CF (r) > 0, for any constant Hr ≤ CF (r), one has (see Fig. 3b)
0 < τ(s) < 1 ∀s ∈ (0,R).
Example 4. Let F = {fs : Sn−1 → Hn, s ∈ (0,+∞)} be a family of concentric
geodesic spheres of Hn. As is well known, each fs is strictly convex and totally
umbilical, having principal curvatures ksi = − coth s with respect to the outward
orientation. In particular, F is isoparametric. Also, one can easily check that F
is ideal and that, in this setting, the functions a and b in (16) are given by
(24) a(s) = −(n− r) coth s and b(s) = cr tanhr−1(s) , cr = rHr
(
n− 1
r − 1
)−1
.
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1
s0 R
(a) Hr > CF (r) ≥ 0
1
R
(b) 0 < Hr ≤ CF (r)
Figure 3. Graphs of τ according to the sign of Hr − CF (r).
The solution τ : [0,+∞)→ R for y′ = ay + b satisfying τ(0) = 0 is given by
τ(s) =
cr
sinhn−r(s)
∫ s
0
sinhn−1(u)
coshr−1(u)
du, s > 0.
In particular (apply l’Hpital),
lim
s→+∞ τ(s) =
cr
n− r =
nHr
n− r
(
n
r
)−1
.
Therefore, since τ is increasing (see (23)), there exists s0 ∈ (0,+∞) satisfying
τ(s0) = 1 if and only if Hr >
n−r
n
(
n
r
)
, which implies that
CF (r) =
n− r
n
(
n
r
)
∀r = 1, . . . , n.
Analogous computations can be made for Sn, in which case F is a family of
concentric geodesic spheres of radiuses less than R = pi/2 and
(25) a(s) = −(n− r) cot s and b(s) = cr tanr−1(s) , cr := rHr
(
n− 1
r − 1
)−1
.
As for the solution τ, we have
τ(s) =
cr
sinn−r(s)
∫ s
0
sinn−1(u)
cosr−1(u)
du, s > 0,
from which we get
lim
s→pi/2
τ(s) = +∞,
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that is, for the sphere Sn we have
CF (r) = 0 ∀r = 1, . . . , n.
In many proofs here and in the subsequent sections, we shall refer to the following
elementary fact.
Lemma 2. Let % : (s0−δ, s0)→ R be a differentiable function such that 0 < % < 1.
Assume that the following hold:
• lim
s→s0
%(s) = 1.
• %′(s) ≥ C > 0 ∀s ∈ (s0 − δ, s0).
Under these conditions, we have∫ s0
s0−δ
%(s)ds√
1− %2(s) ≤
pi
2C
·
Proof. Indeed, since 0 < % < 1, we have∫ s0
s0−δ
%(s)ds√
1− %2(s) ≤
∫ s0
s0−δ
%′(s)ds
%′(s)
√
1− %2(s) ≤
1
C
∫ 1
%(s0−δ)
d%√
1− %2
=
1
C
(pi
2
− arcsin(%(s0 − δ)
)
≤ pi
2C
,
which proves the lemma. 
Now, we can state and prove our main result.
Theorem 1. Let F = {fs : Sn−1 → Mn ; s ∈ (0,R)} be an ideal family of
isoparametric geodesic spheres in a Riemannian manifold M . Given r ∈ {1, . . . , n}
and a constant Hr > 0, the following hold:
i) If Hr > CF (r), then there exists an embedded strictly convex rotational Hr-
sphere in M×R which is symmetric with respect to a horizontal hyperplane.
ii) If 0 < Hr ≤ CF (r) and R = +∞, then there exists an entire strictly convex
rotational Hr-graph Σ in M × [0,+∞) which is tangent to M × {0} at a
single point, and whose height function is unbounded above. Consequently,
if Σ is analytic, there are no compact analytic Hr-hypersurfaces of M ×R
for such values of Hr .
iii) If Hr = 0, r < n, and R = +∞, then there exists a one-parameter family
{Σλ ; λ > 0} of complete rotational r-minimal hypersurfaces of M ×R. For
each λ > 0, Σλ is catenoid-type, that is, Σλ is homeomorphic to Sn−1 × R
and is symmetric with respect to the horizontal hyperplane P0 = M × {0},
being the parameter λ the radius of the (n− 1)-sphere P0 ∩Σ.
Proof. Let a and b be the functions determined by r and F as in (20). Consider
the equation y′ = ay + b in [0,R) with initial condition y(0) = 0, and its solution
τ : [0,R)→ R given in (22).
Assuming Hr > CF (r), we have that there exists s0 ∈ (0,R) satisfying
0 < τ|(0,s0) < 1 and τ(s0) = 1.
Hence, by Lemma 1, the (fs, φ)-graph Σ
′ with %-function % := r
√
τ is a rotational
Hr-graph of M × R over the open ball BR(o) ⊆M , o the center of fs, such that
(26) φ(s) =
∫ s
0
%(u)√
1− %2(u)du, s ∈ [0, s0).
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From (23), we have that τ′(s0) > 0. Since %′ = %1−rτ′/r, this implies that there
exist constants δ, C > 0 satisfying
%′(s) ≥ C > 0 ∀s ∈ (s0 − δ, s0).
Hence, by Lemma 2, φ extends continuously to s0 , that is,
φ(s0) := lim
s→s0
φ(s)
is well defined. In particular, ∂Σ′ = Ss0 × {φ(s0)}.
Notice that o ∈ Σ′ is an isolated minimum of the height function ξ of Σ′. Thus,
Σ′ is strictly convex at o. In addition, by the identities (12), at any point of Σ′−{o},
all the principal curvatures are positive. Therefore, Σ′ is strictly convex.
As we know, the angle function Θ of Σ′ is given by
(27) Θ =
1√
1 + (φ′)2
·
Since %(s0) = 1, we have from (26) that φ
′(s) → +∞ as s → s0 . This, together
with (27), implies that the tangent spaces of Σ′ along ∂Σ′ are vertical. Hence, the
trajectories of ∇ξ all emanate from o and meet ∂Σ′ orthogonally (Fig. 4). Recall
that these trajectories are geodesics which foliate Σ′.
∂t
∇ξ
Ss0 (o)
o
M
Σ′
Ss0 (o) × {ϕ(s0)}
Figure 4. The trajectories of ∇ξ on Σ′ emanate from o and meet ∂Σ′
orthogonally.
Now, set Σ′′ for the reflection of Σ′ with respect to M × {φ(s0)} and define
Σ := closure (Σ′) ∪ closure (Σ′′),
that is, Σ is the “gluing” of Σ′ and Σ′′ along the (n− 1)-sphere Ss0(o)× {φ(s0)},
which is C∞-differentiable. Since the trajectories of ∇ξ are also C∞, for being
geodesics, the resulting hypersurface Σ is C∞-differentiable with vertical tangent
spaces along Ss0(o) × {φ(s0)}. Therefore, Σ is a rotational strictly convex Hr-
hypersurface of M ×R which is homeomorphic to Sn and is symmetric with respect
to M × {φ(s0)}. This proves (i).
Under the hypotheses in (ii), the function τ is defined in [0,+∞), so that the
corresponding (fs, φ)-graph Σ is an entire rotational Hr-graph of M ×R over M ×
{0}. Since φ(0) = 0 and φ(s) > 0 for any s > 0, Σ is contained in the closed half-
space M × [0,+∞) and is tangent to M × {0} at o. Also, the height function of Σ
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is unbounded above. Indeed, for any fixed δ > 0, it is easily seen that the infimum
ιδ(s) of the function u 7→ %(u)/
√
1− %2(u) on [δ, s), s > δ, is bounded away from
zero. Therefore, since
φ(s) =
∫ s
0
%(u)√
1− %2(u)du ≥
∫ s
δ
%(u)√
1− %2(u)du ≥ ιδ(s)(s− δ) ∀s > δ,
we have that φ is unbounded above. Also, arguing as for the graph Σ′ in the
preceding paragraphs, we conclude that Σ is strictly convex.
In addition to the hypotheses in (ii), suppose that the Hr-graph Σ is analytic
and observe that its mean curvature vector “points upwards”, that is, its mean
convex side Λ is the connected component of (M ×R)−Σ which contains the axis
{o} × R. In particular, Λ is foliated by the balls Bs(o)× {φ(s)}, s ∈ (0,+∞).
Σ˜
Σ
Σ˜
o
M
•
•
•
Figure 5. After a downward translation of Σ˜, it has a contact with Σ.
In this setting, let us assume that there exists a compact analyticHr-hypersurface
Σ˜ such that 0 < Hr ≤ CF (r). Considering the fact that Λ is “horizontally and ver-
tically unbounded”, it is easily seen that, after a suitable vertical translation, we
can assume Σ˜ ⊂ Λ (Fig. 5). Now, translate Σ˜ downward until it has a first contact
with Σ. Since Σ is strictly convex, the tangency principle applies and gives that
Σ and Σ˜ coincide in a neighborhood of the contact point (see [17, Theorem 1.1]).
Then, by the assumed analyticity of these hypersurfaces, Σ and Σ˜ must coincide,
which is clearly impossible. This shows that such a Σ˜ cannot exist and finishes the
proof of (ii).
Finally, let us assume the hypotheses in (iii). Then, b = 0 and the equation (15)
becomes y′ = ay. Since a < 0, given λ > 0, the function
τλ(s) = exp
(∫ s
λ
a(u)du
)
, s ∈ [λ,+∞),
16 HYPERSURFACES OF CONSTANT HIGHER ORDER MEAN CURVATURE
is clearly a solution of this equation which satisfies
0 < τλ(s) ≤ τλ(λ) = 1 ∀s ∈ [λ,+∞).
In addition, τ′λ(λ) = a(λ) < 0, so that, in a neighborhood of λ, τ
′
λ is bounded
away from zero. In this case, setting %λ = τ
1/r
λ , it follows from Lemma 2 that the
function φλ : [λ,+∞)→ R given by
φλ(s) :=
∫ s
λ
%λ(u)√
1− %2λ(u)
du
is well defined. Therefore, by Lemma 1, the (fs, φλ)-graph Σ
′ is an r-minimal
hypersurface of M × R. Notice that Σ′ is a graph over M − Bλ(o) with boundary
∂Σ′λ = Sλ(o) (Fig. 6). Also, since %λ(λ) = 1, the tangent spaces of Σ
′
λ along ∂Σ
′
λ
o
M
Sλ(o)
Σ′λ
Figure 6. The trajectories of ∇ξ emanate from ∂Σ′λ orthogonally.
are all vertical. Thus, considering the reflection Σ′′λ of Σ
′
λ with respect M × {0},
as before, we have that Σ := closure (Σ′) ∪ closure (Σ′′) is the desired r-minimal
hypersurface. This finishes the proof. 
From the above theorem, the considerations of Example 4, and the fact that
Hr-hypersurfaces in Hn × R are analytic, we have:
Corollary 1. Given n ≥ 2 and  = {−1, 1}, consider the constant
C(r) :=
(1− )(n− r)
2n
(
n
r
)
, r ∈ {1, . . . , n}.
Then, the following assertions hold:
i) If Hr > C(r), there exists an embedded strictly convex rotational Hr-sphere
in Qn × R which is symmetric with respect to a horizontal hyperplane.
ii) If  = −1 and 0 < Hr ≤ C(r), there exists an entire strictly convex rota-
tional Hr-graph Σ in Hn× [0,+∞) which is tangent to Hn×{0} at a single
point, and whose height function is unbounded above. Consequently, there
are no compact Hr-hypersurfaces of Hn × R for such values of Hr .
iii) If  = −1, Hr = 0, and r < n, there exists a one-parameter family of
complete rotational catenoid-type r-minimal hypersurfaces in Hn × R.
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Remark 2. The hyperbolic part ( = −1) of Corollary 1-(i) was previously estab-
lished in [14], whereas the spherical part ( = 1) was established in [23] for CMC
hypersurfaces (r = 1), and in [5], for r = n = 2. The statement (iii) was shown
in [15]. Nevertheless, the methods employed in these works, in contrast with ours,
cannot be applied to general products M ×R, since they all rely on the Euclidean
and Lorentzian geometries of the underlying spaces of Sn × R and Hn × R.
Remark 3. Let Σ ⊂ Hn × R be an entire Hr-graph as in Corollary 1-(ii). From
the computations in Example 4, we conclude that the τ-function of Σ satisfies:
lim
s→+∞ τ(s) =
cr
n− r , cr := rHr
(
n− 1
r − 1
)−1
.
Therefore, since a(s) = −(n− r) coth s and b(s) = cr tanhr−1(s), we have
lim
s→+∞ τ
′(s) = lim
s→+∞(−(n− r) coth(s)τ(s) + cr tanh
r−1(s)) = −cr + cr = 0,
which implies that %′(s) → 0 as s → +∞, for %′(s) = (τ(s))(1−r)/rτ′(s). This,
together with (12), gives that the principal curvature kn = %
′(s) goes to zero as
s → +∞. In particular, the least principal curvature function of Σ is not bounded
away from zero.
Example 5. The symmetric Damek-Ricci spaces introduced in Example 2 are com-
pletely classified. They comprise the complex hyperbolic space CHn, the quater-
nionic hyperbolic space, and the Cayley hyperbolic plane. It is shown that any of
them has pinched sectional curvatures between −1 and −1/4 (cf. [2, Sections 4.1.9
and 4.2]). As we have mentioned, any family F of concentric geodesic spheres in
a symmetric Damek-Ricci space is isoparametric. Also, from the above curvature
estimates, any principal curvature ksi of the geodesic sphere of F with radius s
satisfies coth(s)/2 ≤ |ksi | ≤ coth(s) (cf. [4]). In particular, these spheres are all
strictly convex. One can also check that the functions s 7→ ksi are differentiable
and decreasing, so that F is ideal with R = +∞. Therefore, Theorem 1 applies to
M×R for any symmetric Damek-Ricci space M. The determination of the constants
CF (r) for such M, though, is a delicate matter that will not be treated here.
In the following theorem, we show the existence of one-parameter families of
rotational Delaunay-type Hr(≥ 0)-hypersurfaces in Sn ×R. This result generalizes
the analogous one obtained in [24] for r = 1.
Theorem 2. Given n ≥ 2, r ∈ {1, . . . , n − 1}, and Hr ≥ 0, there exists a one-
parameter family {Σλ ; 0 < λ < pi/2} of properly embedded Delaunay-type rota-
tional Hr-hypersurfaces in Sn × R, that is, each Σλ is periodic, homeomorphic to
Sn−1×R, and has unduloids as the trajectories of the gradient of its height function.
Proof. Let fs : Sn−1 → Sn, s ∈ (0, pi), be a family of concentric geodesic spheres
of Sn with center at o ∈ Sn and outward normal orientation, so that the principal
curvatures of fs at any point of Sn−1 are
ki(s) = − cot s ∀i = 1, . . . , n− 1.
In this case, the functions a and b in (16) read as follows:
a(s) = −(n− r) cot s and b(s) = cr tanr−1(s) , cr := rHr
(
n− 1
r − 1
)−1
·
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Given λ ∈ (0, pi/2), define
Iλ =
{
[λ, pi2 ) if Hr 6= 0.
[λ, pi) if Hr = 0.
In this setting, consider the following solution of (15):
τ(s) =
1
µ(s)
(
1 +
∫ s
λ
b(u)µ(u)du
)
, s ∈ Iλ,
where µ(s) = exp
(− ∫ s
λ
a(u)du
)
, i.e.,
µ(s) =
(
sin s
sinλ
)n−r
, s ∈ Iλ.
Then, we have
τ′(λ) = a(λ)τ(λ) + b(λ) = −(n− r) cot(λ) + crtanr−1(λ),
which gives τ′(λ)→ −∞ as λ→ 0. Hence, for a sufficiently small λ, τ is decreasing
in a neighborhood of λ in Iλ.
We claim that there exists λ¯ ∈ Iλ satisfying
τ(λ¯) = 1 and 0 < τ(s) < 1 ∀s ∈ (λ, λ¯).
Indeed, in the case Hr = 0, we have just to set λ¯ = pi − λ. In the case Hr > 0, we
first observe that µ > 1 in Iλ = [λ, pi/2). So, for all s ∈ Iλ, we have
τ(s) >
1
µ(s)
(
1 +
∫ s
λ
b(u)du
)
=
1
µ(s)
(
1 + cr
∫ s
λ
tanr−1(u)du
)
,
which implies that, for r > 1, τ(s)→ +∞ as s→ pi/2. If r = 1, it is easily checked
that lims→+∞ τ(s) > 1. This proves the claim. It should also be noticed that τ is
increasing in a neighborhood of λ¯. So, we have
(28) τ(λ) = τ(λ¯) = 1 and τ′(λ) < 0 < τ′(λ¯).
• Sλ(o)× {0}
Sλ¯(o)× {t¯}•
Figure 7. The “block” of a Delaunay-type Hr-hypersurface in Sn × R.
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Now, consider the restriction τλ := τ|(λ,λ¯) and set Σ′λ for the (fs, φ)-graph whose
%-function is %(s) = r
√
τλ, that is,
φ(s) =
∫ s
λ
%(u)√
1− %2(u)du, s ∈ (λ, λ¯).
By (28), Lemma 2 applies and gives that φ is well defined and bounded, that is,
φ(λ¯) is also well defined. Hence, Σ′λ is an Hr-graph homeomorphic to Sn−1× (λ, λ¯)
with boundary (see Fig. 7):
∂Σ′λ = (Sλ(o)× {0}) ∪ (Sλ¯(o)× {φ(λ¯)}).
Finally, we have that the tangent spaces of Σ′λ are vertical along its boundary
∂Σ′λ, for %(λ) = %(λ¯) = 1. Therefore, we obtain a properly embedded rotational
hypersurface Σλ from Σ
′
λ by continuously reflecting it with respect to suitable
horizontal hyperplanes of Sn × R. 
5. Non Rotational Hr-hypersurfaces of M × R
In this section, we consider Hadamard manifolds M which admit special foli-
ations by isoparametric hypersurfaces. For such M, we provide examples of non
rotational properly embedded Hr(≥ 0)-hypersurfaces in M × R.
Definition 9. Let F = {Hs ; s ∈ (−∞,+∞)} be a family of parallel horospheres
determined by a geodesic γ in a Hadamard manifold M (see Section 2.1). We say
that F is ideal if, with respect to the orientation ηs = γ′(s) , each horosphere Hs
has positive constant principal curvatures independent of s. If so, the r-th mean
curvature of any horosphere Hs is denoted by H0r .
Examples of Hadamard manifolds which admit ideal families of horospheres
are hyperbolic space Hn, where the principal curvatures of any horosphere are
all equal to 1, and Damek-Ricci spaces (see Example 2–Section 3). As shown in [2,
Proposition-(vi), pg. 88], any Damek-Ricci space contains a family F of parallel
horospheres in which the principal curvatures of each Hs∈F are 1/2 and 1, both
with constant multiplicities.
Theorem 3. Let F := {Hs ; s ∈ (−∞,+∞)} be an ideal family of parallel horo-
spheres in a Hadamard manifold Mn. Then, for any even integer r ∈ {1, . . . , n−1},
and any positive constant Hr < H
0
r , there exists a (at least) C
2-differentiable, prop-
erly embedded, and everywhere non convex Hr-hypersurface Σ in M × R which is
homeomorphic to Euclidean space Rn. Furthermore, Σ is foliated by horospheres, is
symmetric with respect to the horizontal hyperplane M×{0}, and its height function
is unbounded above and below.
Proof. For each s ∈ (−∞,∞), consider the isometric immersion fs : Rn−1 → Mn
such that fs(Rn−1) =Hs . Since all the principal curvatures of fs are constant and
independent of s, the coefficients a e b of the differential equation (15) associated
to this family are constants. Also, since r is even and 0 < Hr < H
0
r , we have
b < 0 < a and 0 < − b
a
< 1.
In this setting, consider the solution τ : (−∞, 0]→ R of (15):
τ(s) = ea(s−s0) − b
a
, s0 = log(1 + b/a)
−1/a,
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and observe that it satisfies:
(29) 0 < − b
a
< τ(s) ≤ 1 = τ(0) ∀s ∈ (−∞, 0].
By Lemma 1, the (fs, φ)-graph Σ
′ with % = r
√
τ is an Hr-hypersurface of M ×R.
The function φ, in this case, is given by
φ(s) :=
∫ s
0
%(u)√
1− %2(u)du, s ∈ (−∞, 0).
By (29), we have that
τ′(s) = aτ(s) + b > a
−b
a
+ b = 0.
In particular, τ′(0) > 0. So, by Lemma 2, φ is well defined. Also, φ is negative on
(−∞, 0) and is unbounded. Indeed, for all s ∈ (−∞, 0),
−φ(s) =
∫ 0
s
%(u)√
1− %2(u)du ≥
∫ 0
s
%(u)du ≥ − inf %|[s,0]s = −s%(s) ,
which implies that φ is unbounded, since %(s)→ (−b/a)1/r > 0 as s→ −∞.
Denoting by B0 the horoball of M with boundary H0 , it follows from the above
considerations that Σ′ is an Hr-graph over M − B0 which is unbounded and has
boundary ∂Σ′ = H0 × {0} (Fig. 8). In particular, Σ′ is homeomorphic to Rn.
Furthermore, Σ′ is everywhere non convex, since, from the identities (12), one has
Σ′
p∞ H0 × {0}
Figure 8. All trajectories of ∇ξ on Σ′ meet H0 × {0} orthogonally.
ki = −λi% < 0 (1 ≤ i ≤ n− 1) and kn = %′ > 0,
where λi is the (positive constant) i-th principal curvature of fs .
Finally, since %(0) = 1, as in the previous theorems, we have that any trajectory
of ∇ξ on Σ′ meets ∂Σ′λ orthogonally. Consequently, setting Σ′′ for the reflection
of Σ′ with respect to Mn × {0}, and defining
Σ := closure (Σ′) ∪ closure (Σ′′),
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we can argue just as before and conclude that Σ is a complete C2-differentiable
(for horospheres are, at least, C2 differentiable) Hr-hypersurface of M × R which
is foliated by horospheres and is homeomorphic to Rn (Fig. 9). 
Σ
p∞
Figure 9. A piece of a properly embedded everywhere non convex
Hr(> 0)-hypersurface of M
n × R which is homeomorphic to Rn and
foliated by horospheres.
Let us see now that a result analogous to Theorem 3 holds for r-minimal hyper-
surfaces of M × R. In this case, more general foliations of M are allowed.
Theorem 4. Let F := {fs : M0 →M, s ∈ (−∞,+∞)} be an isoparametric family
of hypersurfaces in a Hadamard manifold Mn. Assume that F has the following
properties:
i) For each s ∈ (−∞,+∞), fs is a Ck (k ≥ 2) proper embedding with mean
curvatures Hsr > 0 .
ii) F foliates M, i.e., M =
⋃
fs(M0), s ∈ (−∞,+∞).
Then, for any r ∈ {1, . . . , n}, there exists a properly embedded Ck r-minimal hyper-
surface Σ in M ×R which is homeomorphic to M0×R. Furthermore, Σ is foliated
by the leaves of F , and is symmetric with respect to M ×{0}, except for r = n, in
which case Σ is a constant angle entire n-minimal graph over the manifold M.
Proof. The equation (15) for Hr = 0 takes the form y
′ = ay. For r = n, we have
a ≡ 0, so that the solution τ is constant. In this case, given constants c1 , c2 ∈ R
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with c1 > 0, if we define the function φ as
φ(s) = c1s+ c2, s ∈ (−∞,+∞),
we have that the corresponding (fs, φ)-graph Σ is an entire n-minimal graph whose
level hypersurfaces are the leaves Ls , s ∈ (−∞,+∞). Moreover, it follows from (9)
that Σ is a constant angle hypersurface.
Let us suppose now that 1 ≤ r < n, in which case the function
τ(s) := exp
(∫ s
0
a(u)du
)
, s ∈ (−∞, 0],
is clearly a solution of y′ = ay satisfying
0 < τ(s) ≤ 1 = τ(0) ∀s ∈ (−∞, 0].
So, the (fs, φ)-graph Σ
′ with %-function % = r
√
τ is an r-minimal graph. Since,
for all s ∈ (−∞, 0], τ′(s) = a(s)τ(s) > 0 and τ(0) = 1, we can proceed just as in
the proof of Theorem 3 to conclude that Σ′ is an r-minimal graph over M − B0
with boundary ∂Σ′ = L0 × {0}. Here, B0 ⊂ M is the mean convex component of
M − L0 . In particular, Σ′ is homeomorphic to M0 × R.
Now, by reflecting Σ′ with respect to M × {0}, as we did before, we obtain the
desired r-minimal hypersurface of M × R. 
Corollary 2. Let F be an ideal family of parallel horospheres in a Hadamard
manifold Mn. Then, for any r ∈ {1, . . . , n}, there exists a complete r-minimal
hypersurface Σ of M×R which is homeomorphic to Rn and foliated by horospheres.
For r = n, Σ is a constant angle entire graph and, in the remaining cases, Σ is
symmetric with respect to a horizontal hyperplane. Furthermore, for r < n, the
height function of Σ is bounded.
Proof. Clearly, the family F fulfills the conditions of Theorem 4. In addition, for
r < n, the function a in (15) is a positive constant, and the %-function for Σ′, the
“half” of Σ, is %(s) = eas/r, s ∈ (−∞, 0]. Then, for all s ∈ (−∞, 0], the φ-function
of Σ′ satisfies:
−φ(s) =
∫ 0
s
eau/r√
1− e2au/r du =
r
a
(pi/2− arcsin(eas)) ≤ pir
2a
,
which proves the final statement. 
In hyperbolic space Hn, the well known families of equidistant hypersurfaces sat-
isfy the conditions of Theorem 4, since they foliate Hn and have constant principal
curvatures between 0 and 1. Also, each leaf of such a family is C∞ and homeo-
morphic to Rn. So, we have the following result, which was obtained in [6] for the
particular case n = 2 and r = 1.
Corollary 3. For any r ∈ {1, . . . , n}, there exists a complete r-minimal hyper-
surface Σ of Hn × R which is homeomorphic to Rn and foliated by equidistant
hypersurfaces of Hn. For r = n, Σ is a constant angle entire graph and, in the
remaining cases, Σ is symmetric with respect to a horizontal hyperplane.
Remark 4. The general concept of rotational hypersurfaces in Hn × R applies to
the ones obtained in Corollary 2, for M = Hn, and Corollary 3 (cf. Remark 1).
Considering also Corollary 1-(iii), it turns out that, for all r ∈ {1, . . . , n}, we have r-
minimal properly embedded examples of all three types of rotational hypersurfaces
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of Hn×R. (In the case r = n, consider also vertical cylinders over geodesic spheres,
horospheres and equidistant hypersurfaces.)
6. Uniqueness of Rotational Hr-spheres of Qn × R
In this concluding section, we concern the uniqueness of the rotationalHr-spheres
we constructed in Section 4. We restrict ourselves to the case M = Qn and n ≥ 3.
As we mentioned before, the case M = Q2 was considered in [1, 16].
We obtain a Jellett–Liebmann type theorem by showing that a compact, con-
nected and strictly convex Hr-hypersurface of Qn × R is a rotational embedded
sphere (cf. Theorem 5). We also show the uniqueness of these spheres under com-
pleteness or properness assumptions, instead of compactness (cf. Theorem 6 and
Corollary 4).
For the proof of Theorem 6, we make use of a height estimate for convex graphs in
M×R which we establish in the next proposition. First, we compute the Laplacian
of both the height function ξ and the angle function Θ of an arbitrary hypersurface
Σ of a general product M × R.
Given a smooth function ζ on Σ, let us denote its Laplacian by ∆ζ, i.e.,
∆ζ := trace(Hess ζ).
In particular, from equation (3), the Laplacian of ξ is given by
(30) ∆ξ = ΘH, H = H1 .
Recall that, for X,Y ∈ TΣ, the Codazzi equation reads as
(R(X,Y )N)> = (∇YA)X − (∇XA)Y,
where R is the curvature tensor of M ×R, > denotes the tangent component of the
tangent bundle TΣ of Σ, and, by definition,
(∇YA)X := ∇YAX −A∇YX.
Observing that
∇X∇ξ =
(∇X∇ξ)> = − (∇XΘN)> = ΘAX,
we have from (2) that
−∇X∇Θ = ∇XA∇ξ = (∇XA)∇ξ +A∇X∇ξ = (∇XA)∇ξ +ΘA2X,
which yields
(31) ∇X∇Θ = −(R(∇ξ,X)N)> − (∇∇ξA)X −ΘA2X.
Now, let us fix x ∈ Σ and an orthonormal frame {X1 , . . . , Xn} in a neighborhood
of x in Σ, which is geodesic at x, that is
∇XiXj (x) = 0 ∀i, j = 1, . . . , n.
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Writing ξj = Xj(ξ), we have ∇ξ =
∑
j ξjXj . Therefore
n∑
i=1
〈(∇∇ξA)Xi , Xi〉 =
n∑
i=1
(〈∇∇ξAXi , Xi〉 − 〈A∇∇ξXi , Xi〉)
=
n∑
i,j=1
ξj(〈∇XjAXi , Xi〉 − 〈A∇XjXi , Xi〉)
=
n∑
i,j=1
ξj(Xj〈AXi, Xi〉 − 〈AXi,∇XjXi〉 − 〈A∇XjXi , Xi〉)
= 〈∇ξ,∇H〉 −
n∑
i,j=1
ξj(〈AXi,∇XjXi〉 − 〈A∇XjXi , Xi〉),
which implies that, at the chosen point x ∈ Σ,
n∑
i=1
〈(∇∇ξA)Xi , Xi〉 = 〈∇ξ,∇H〉.
Since x is arbitrary, we get from this last equality and (31) that, on Σ,
(32) ∆Θ = Ric(∇ξ,N)− 〈∇ξ,∇H〉 −Θ‖A‖2,
where Ric denotes the Ricci curvature tensor of M × R and ‖A‖2 := traceA2.
For the next results, except for Theorem 7, we order the principal curvatures of
a hypersurface Σ of M × R as
k1 ≤ k2 ≤ · · · ≤ kn−1 ≤ kn .
Proposition 1. Consider an arbitrary Riemannian manifold M and let Σ ⊂M×R
be a compact vertical graph of a nonnegative function defined on a domain Ω ⊂
M × {0}. Assume Σ strictly convex up to ∂Σ ⊂M × {0}. Under these conditions,
the following height estimate holds:
(33) ξ(x) ≤ 1
infΣ k1
∀x ∈ Σ.
Proof. Consider in Σ the “inward” orientation, so that its angle function Θ is non
positive. Choose δ > 0 satisfying 1/δ < infΣ k1 and define on Σ the function
ϕ = ξ + δΘ.
We claim that ϕ has no interior maximum. Indeed, assuming otherwise, let
x ∈ Σ − ∂Σ be a maximum point of ϕ. In this case, from (2), we have
0 = ∇ϕ(x) = ∇ξ(x) + δ∇Θ(x) = ∇ξ(x)− δA∇ξ(x).
Hence, if we had ∇ξ(x) 6= 0, then 1/δ would be an eigenvalue of A at x, which is
impossible, by our choice of δ. Thus, x is a critical point of ξ. Since Σ is strictly
convex, x is necessarily its highest point. In particular, Θ(x) = −1. This, together
with identities (30) and (32), give that, at x,
(34) 0 ≥ ∆ϕ = −H + δ‖A‖2.
However, from our choice of δ and the strict convexity of Σ, we have
H
δ
< k1H = k1(k1 + · · · kn) ≤ k21 + · · ·+ k2n = ‖A‖2,
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which contradicts (34). Therefore, ϕ attains its maximum on ∂Σ, which implies
that ϕ ≤ 0 on Σ, for ϕ|∂Σ = δΘ ≤ 0. Hence,
ξ(x) ≤ −δΘ(x) ≤ δ ∀x ∈ Σ.
The result, then, follows from this last inequality, since it holds for any positive
δ > 1/ infΣ k1. 
It should be noticed that Proposition 1 has its own interest, since it makes no
assumptions on M nor on the curvatures of Σ.
In the next two theorems, we apply the Alexandrov reflection technique. Since
the arguments are standard, the proofs will be somewhat sketchy on this matter
(see, e.g., [5, Theorems 4.2 and 5.1] and [22, Theorem 1.1]). We add that the proof
of Theorem 5 is, essentially, the one for [7, Corollary 1], in which the case r = 1
was considered.
Theorem 5 (Jellett–Liebmann-type theorem). Let Σ be a compact connected strictly
convex Hr(> 0)-hypersurface of Qn ×R (n ≥ 3). Then, Σ is an embedded rotational
Hr-sphere.
Proof. Since Σ is compact, its height function ξ has a maximal point x. This,
together with the strict convexity of Σ, allows us to apply [7, Theorems 1 and 2]
and conclude that Σ is embedded and homeomorphic to Sn. Thus, for  = −1, the
result follows from [14, Theorem 7.6], the Alexandrov-type theorem we mentioned
in the introduction.
For  = 1, we can perform Alexandrov reflections on Σ with respect to horizontal
hyperplanes Pt := Sn × {t} coming down from above Σ. For some t0 < ξ(x), the
reflection of the part of Σ above Pt0 will have a first contact with Σ. Then, by
the tangency principle, Σ is symmetric with respect to Pt0 . Therefore, assuming
t0 = 0 and identifying Sn×{0} with Sn, we conclude that Σ is a “bigraph” over its
projection pi(Σ) to Sn. As a consequence, Σ0 := Σ ∩ Sn is the boundary of pi(Σ)
in Sn.
By [7, Lemma 1], the second fundamental form of Σ0, as a hypersurface of Sn,
is positive definite. In particular, Σ0 is non totally geodesic in Sn. Thus, by [11,
Theorem 1], Σ0 is contained in an open hemisphere Sn+ of Sn, which implies that the
same is true for pi(Σ), that is, Σ ⊂ Sn+×R. In this setting, we can apply Alexandrov
reflections on “vertical hyperplanes” (Sn−1 ∩Sn+)×R, where Sn−1 ⊂ Sn is a totally
geodesic (n− 1)-sphere of Sn , and conclude that Σ is rotational. 
Remark 5. By means of Alexandrov reflections, as in the proof of Theorem 5,
one can show that rotational strictly convex Hr-spheres of Qn ×R are unique up to
isometries of Qn × R. Let us sketch the proof. Proceeding as above, we conclude
that such a sphere Σ is embedded and symmetric with respect to some horizontal
hyperplane, say P0. So, each of these symmetric parts is an Hr− (fs, φ)-graph over
its projection on P0, where each fs is the sphere of Qn with radius s and center at
a point o ∈ Qn . In particular, the τ-function of the lower half of Σ is a solution of
y′ = ay + b, where a and b are as in (24)–(25). Considering this and the proof of
Theorem 1, it is not hard to see that, up to an isometry of Qn × R, Σ coincides
with one of the Hr-spheres obtained in Corollary 1-(i).
Let us show now that, regarding Theorem 5, the compactness hypothesis can be
replaced by completeness if we add a one point condition on the height function of
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Σ. In the case  = −1, we also have to impose a condition on the second fundamental
form of Σ, which turns out to be a necessary hypothesis (see Remark 7, below).
Theorem 6. Let Σ be a complete connected strictly convex Hr(> 0)-hypersurface
of Qn × R (n ≥ 3) whose height function ξ has a local extreme point. For  = −1,
assume further that the least principal curvature k1 of Σ is bounded away from zero.
Then, Σ is an embedded rotational sphere.
Proof. As in the previous theorem, Σ fulfills the hypotheses of [7, Theorems 1 and
2], which implies that Σ is properly embedded and homeomorphic to either Sn or
Rn. Furthermore, in the latter case, the height function of Σ is unbounded and has
a single extreme point x, which we assume is a maximum.
For  = 1, the height estimates obtained in [5, Theorem 4.1-(i)] forbid ξ to be
unbounded. Thus, in this case, Σ is homeomorphic to Sn and the result follows
from Theorem 5.
Let us consider now the case  = −1. Assume, by contradiction, that Σ is
homeomorphic to Rn, so that ξ is unbounded below. Hence, given a horizontal
hyperplane Pt = M ×{t} with t < ξ(x), the part Σ+t of Σ which lies above Pt must
be a vertical graph with boundary in Pt. If not, for some t
′ between t and ξ(x),
Pt′ would be orthogonal to Σ at one of its points. Then, the Alexandrov reflection
method would give that Σ is symmetric with respect to Pt′ , which is impossible,
since we are assuming ξ unbounded, and the closure of Σ+t′ in Σ is compact.
It follows from the above that, for |t| sufficiently large, one has
ξ(x)− t > 1
infΣ k1
≥ 1
infΣ+t k1
,
which clearly contradicts Proposition 1. Therefore, Σ is homeomorphic to Sn and,
again, the result follows from Theorem 5. 
Remark 6. In Theorems 5 and 6, the hypothesis of strict convexity of Σ is au-
tomatically satisfied for r = n, so it can be dropped in this case. Indeed, in both
theorems, the height function ξ has a critical point x ∈ Σ, which can be assumed to
be a maximum. Then, taking the inward orientation on Σ, we have that Θ(x) = −1,
which, together with equality (3), yields
〈AX,X〉 = −Hess ξ(X,X) ≥ 0 ∀X ∈ TxΣ.
However, Hn = detA > 0 on Σ. Thus, at x, and then on all of Σ, the second
fundamental form is positive definite, that is, Σ is strictly convex.
Remark 7. It follows from Corollary 1-(ii) and the considerations of Remark 3
that, for r < n, the hypothesis on the least principal curvature of Σ in Theorem 6
is necessary for the conclusion. As shown by Theorem 2, the same is true for the
hypothesis on the height function ξ in the case  = 1 and r < n.
Next, we consider the dual case of Theorem 6, assuming now that the height
function of the hypersurface Σ has no critical points. First, we recall that a hy-
persurface Σ ⊂ Hn × R is said to be cylindrically bounded, if there exists a closed
geodesic ball B ⊂ Hn such that Σ ⊂ B × R.
Theorem 7. Let Σ be a proper, convex, connected Hr(> 0)-hypersurface of Qn ×R
(n ≥ 3) whose height function has no critical points. For  = −1, assume further
that Σ is cylindrically bounded. Then, Σ = Σ0 × R, where Σ0 is an Hr-geodesic
sphere of Qn . In particular, r < n.
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Proof. From the hypothesis and [7, Theorem 3], Σ = Σ0 × R, where Σ0 is an
embedded convex topological sphere of Qn . Moreover, in the case  = 1, Σ0 is
contained in an open hemisphere of Sn.
At a given point x ∈ Σ, the principal curvatures are k1, . . . , kn−1, 0, where
k1 , . . . , kn−1 are the principal curvatures ofΣ0 ⊂ Qn at piQn (x) ∈ Σ0 . In particular,
Σ0 has constant r-th mean curvature Hr if r < n, which implies that, in this case,
Σ0 is a geodesic sphere of Qn (see [19, 21]). Also, Hn = 0 on Σ, so we must have
r < n, since we are assuming Hr > 0. 
Putting together the spherical cases of the last two theorems, we finally get:
Corollary 4. For n ≥ 3, any connected, properly immersed, and strictly convex
Hr(> 0)-hypersurface of Sn × R is necessarily an embedded rotational Hr-sphere.
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